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INTRODUCTION 


ythagoras wasn’t mad — it only looks that 
way. 

Pythagoras was arguably the first genius 
of western culture, and he seems to have set the 
tone. He established that blend of high intellect 
and high lunacy which was to become such a 
recurrent feature of this sub-species. 

Pythagoras was also arguably the first mathe- 
matician, the first philosopher and the first 
metempsychotic. This was not because he was 
the first person to use numbers, the first to seek a 
rational explanation of the world, or even the first 
to believe that in a previous life his soul had 
inhabited a root vegetable, a pharaoh, or some 
such. He was the one who invented or first used 
the words mathematician, philosopher and 
metempsychosis in their presently accepted sense, 


and then quickly applied them to himself. He also 
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invented the word cosmos, which he applied to 
the world. (In Greek, cosmos means ‘order’, and 
Pythagoras applied this to the world because of its 
‘perfect harmony and arrangement ’.) 

We know little for certain about Pythagoras 
himself, and anything we attribute to him may 
well have been the work of his followers. So 
even the famous theorem named after him may 
not be his own work. And here too Pythagoras 
established a tradition of genius which flourishes 
to this day — when epoch-making discoveries 
attributed to genius are often merely the work of 
his (or her) laboratory, and paintings of genius 
can be produced entirely by assistants. 

Bertrand Russell described Pythagoras as 
‘intellectually one of the most important men 
that ever lived, both when he was wise and when 
he was unwise’. Pythagoras’ fundamental princi- 
ple was: ‘all is number’. This appears to fit both 
of Russell’s categories. It’s quite obvious that the 
world consists of something else besides num- 
bers, yet almost two and a half millennia later 
Einstein was to base his work on a remarkably 
similar insight. 


On the other hand, many examples of unal- 
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loyed wisdom have been attributed to 
Pythagoras. The most memorable of these is of 
course his theorem. Briefly, this stated that in a 
right-angled triangle with sides of lengths a, b & 


c, where c 1s the side opposite the right angle: 


a? + b* = c* 


But the most important example of Pythagoras’ 
genius may well have been the fact that he 
proved the theorem which is named after him. 
This introduced the concept of proof into math- 
ematics, and with it deductive reasoning. As a 
result mathematics was transformed from a series 
of rule-of-thumb procedures into an elaborate 
logical structure of great power and beauty. 
(Logic was used in mathematics almost two 


centuries before its ‘invention’ by Aristotle.) 
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The finest example of Pythagoras’ unwisdom 
was without doubt the religion he founded. This 
contains a long list of crackpot edicts which his 
disciples were expected to follow. They were not 
allowed to pick up anything that had fallen over, 
or step across a pole. Likewise they had to refrain 
from picking flowers or laying hands on a white 
cockerel. And the eating of beans was absolutely 
forbidden. Pythagoras explained the latter ban on 
the grounds that if a bean is placed in a new 
tomb, and then covered with dung for 40 days, it 
assumes human form. 

How a mind capable of such consummate 
mathematical genius could also believe in such 
consummate rubbish is difficult to imagine. But 
Pythagoras managed it — which should perhaps 
only increase our admiration for his mental 


powers. 
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ythagoras was born around 565BcC on the 

Greek island of Samos, in the eastern 

Aegean. He 1s said to have been the son of 
a wealthy local engraver and merchant called 
Mnesarchos, but other sources insist that he was 
the son of Apollo, the Ancient Greek god of 
music, poetry and dance. In the words of Russell: 
‘I leave the reader to take his choice between 
these alternatives’. 

In the century prior to Pythagoras’ birth, 
Samos had become the richest island in the 
Aegean. This wealth was said to have originated 
from a legendary voyage beyond the Pillars of 
Hercules (ie, beyond Gibraltar into the Atlantic 
Ocean). The Samian ships returned laden ‘with 
riches that became proverbial’. As a result of this 
mysteriously acquired wealth, Samos was able to 


establish itself as a major trading power with 
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colonies as far afield as Egypt and Spain. One 
colony was established in southern Spain at 
Tartessus (an ancient region which is mentioned 
as “Tarshish’ in the Old Testament, and even 
crops up in pre-historic Greek mythology). This 
had silver mines and lay on the south-west coast 
beyond the Pillars of Hercules — which may well 
account for the original legendary voyage. 

Pythagoras grew up at the beginning of the 
golden age of Ancient Greek culture. The 
Greeks had expanded into the Black Sea and into 
the southern part of the Italian peninsular 
(known to them as Megale Hellas and to the 
Romans as Magna Graecia). In Athens the first 
marble temples were being built on the 
Acropolis, and the earliest philosophers had 
begun to appear in Miletus on the Ionian main- 
land (now Turkey). One of these, Anaximander, 
was to become Pythagoras’ teacher. 

Western philosophy was started by Thales of 
Miletus some 20 years or so before Pythagoras’ 
birth, which meant that it was still something of 
a novelty item whose full range had yet to be 
explored. (The internet of its day, it attracted a 


similar ratio of wunderkind, wizards and weeds.) 


Rien, eee 


LIFE AND WORKS 


It was Thales who first came up with the idea 
that the world originated from a single substance. 
Whilst walking in the hills above Miletus, he 
happened upon some fossilized sea-shells. From 
this he deduced that the entire world was ulti- 
mately made from water. 

Anaximander was the second philosopher of 
the so-called Milesian School, but was a much 
more interesting thinker than his master Thales. 
Anaximander was the first philosopher to 
attempt a fully rational explanation of how the 
world had begun. As we shall see, this was some 
way wide of the mark — but at least it was ratio- 
nal. (Thales’ explanation had been more in the 
nature of an inspired guess.) 

Anaximander may have learnt his trade from 
Thales, but his imagination ran to broader hori- 
zons, and he took a more scientific view. He was 
the first of the ancients to draw a map of the 
world, whose surface, he had worked out, was 
curved. Unfortunately he didn’t realise it was 
curved on all planes, and thus thought it was 
shaped like the drum of a column on its side. We 
occupied only the upper surface of this cylinder. 


Anaximander’s observations of the sun led him 


Bei eee 


PYTHAGORAS & HIS THEOREM 


to invent the sundial. This invention marks one 
of the seminal events of western culture. 
Previously there had been no way of precisely 
measuring the time. Chronos (time) had been a 
god: now he became an instrument. Duration 
entered the realm of science. Symbolically, 
mankind had taken control of time. 

Anaximander’s solar contemplations also led 
him to conclude that the sun was very much 
larger than the earth. This was a sensational 
theory, contradicting the evidence that everyone 
could see for themselves. It flew in the face of all 
contemporary “common sense’ — as unthinkable 
in its day as Einstein’s Theory of Relativity say- 
ing space is curved and time relative. (Common 
sense is the collection of prejudices acquired by 
age eighteen,’ as Einstein put it.) Anaximander 
calculated that the sun was 28 times larger than 
the earth. Considering that his only technology 
was the human eye, and computer power con- 
sisted of mental arithmetic, this result is remark- 
able. (The sun is in fact just over 100 times larger 
than the earth.) | 

Anaximander also produced a map of the stars, 


and conjectured that the first living things were 
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generated by sunbeams falling on marsh-water. 
These ideas he set down in a work called On 
Nature, which circulated widely in the intellec- 
tual circles of the eastern Mediterranean. Alas, 
nothing now remains of this work except a frag- 
ment which appears in a document dating from 
over 1000 years later. This describes how things 
‘give justice and reparation to one another for 
their injustice in accordance with the arrange- 
ment of time’. These are the first written words 
of philosophy which we know about. And like so 
much philosophy since, nobody but their author 
knew for certain what they meant. But we do 
know, from other sources, that Anaximander 
believed the world consisted of one fundamental 
substance. This was not any known element, 
such as water. Anaximander referred to it as ‘the 
Unbounded’, describing it as infinite, timeless 
and indestructible. As we shall see, this bears a 
more than passing resemblance to Pythagoras’ 
conception of number. Come the moment, 
come the man. Anaximander seems to have been 
the ideal teacher for western culture’s founding 
genius. 


So where did Pythagoras’ other, batty ideas 


ue 


PYTHAGORAS & HIS THEOREM 


come from? The seeds of these appear to have 
been sown by his other known teacher: 
Pherecydes. Where Anaximander occupied the 
wunderkind role, Pherecydes was definitely a 
wizard of the early philosophical internet. He 
was a curious combination of philosopher and 
teller of fairytales. Some hold him responsible 
for inventing the doctrine of metempsychosis 
(the transmigration of souls). According to this, 
after death the soul passes on to live in another 
body — either up or down the scale depending 
upon recent behaviour. This body can be 
human, animal, or in severe cases even vegetal. 
The aim of the soul should be to behave as well 
as possible. In this way it can avoid the quiet 
sunny life of an olive, and even rise above the 
exemplary tormented existence of a saint — until 
finally it breaks free from the cycle of birth, life 
and death. 

This idea occurs in some form in most cul- 
tures, where it often originates spontaneously. 
Like human sacrifice, it may well represent a 
stage in our psychical evolution. If so, there is no 
reason why Pherecydes shouldn’t have come up 


with the idea himself. Others suggest that he may 
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have pinched the idea from Egypt, and merely 
passed it off as his own. Those who remain sus- 
picious of original thinking (by both the likes of 
Pherecydes and the Egyptians) maintain that this 
idea arrived from India, where it remains a wide- 
spread religious belief to this day. 

At any rate, one thing remains certain. 
Pythagoras picked up the idea of metempsy- 
chosis, along with a lot more hocus pocus, from 
the fabulist philosopher Pherecydes. Pythagoras 
appears to have greeted such notions with the 
scepticism of youth, but they were certainly 
absorbed, and they remained dormant within 
him. For according to no less an authority than 
Aristotle, Pythagoras ‘first did work in mathe- 
matics and arithmetic, and afterwards, at one 
time, condescended to the wonder-working 
practised by Pherecydes’. 

But this aberration was not to resurface until 
many years later. More importantly, where did 
Pythagoras first ‘work in mathematics and 
arithmetic’? Anaximander was a scientist-phil- 
osopher, Pherecydes was a wizard-philosopher — 
neither was a mathematician. 


Pythagoras appears to have acquired his 
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mathematical knowledge during travels in Egypt. 
In those days eastern travel was recognised as a 
way of broadening the mind, rather than blow- 
ing it. Egypt was generally regarded as more cul- 
tured than Greece, as indeed it probably still was 
(though not for much longer). According to 
Aristotle: ‘In Egypt mathematical sciences first 
commenced, for there the nation of priests had 
leisure’. Previously, the Greeks had been far too 
busy fighting one another to bother about the 
niceties of abstract calculation. (During the 
golden age of Greek culture the fighting was to 
continue, but by now the mathematicians had 
become hooked on their eastern addiction and 
found it impossible to kick the habit.) 

Since the earliest dynasties the Ancient 
Egyptians had built with regular-shaped bricks 
baked from Nile mud. For large monuments, 
large numbers of such bricks were required. In 
calculating these amounts the Egyptians dis- 
covered the number of units required to fill 
shapes, such as a cube, a cuboid (rectangular 
parallelepiped), and a pyramid. To do this, they 
developed a decimal system of numbers. They 


were also highly adept at fractions. Papyrus 
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evidence shows the Egyptians knew that “9 can 
be expressed ::as > ¢::chs Baw. Ars. tose, 
Furthermore, they knew that the same sum can 
also be expressed as: 

As + 7435 or 

he + 32 + 7/64 
Historians conjecture that such complexities 
arose from problems in food distribution. But we 
should not overlook the sheer element of play in 
these calculations. As Aristotle pointed out, the 
priests had their leisure — and in mathematics 
they also had a fascinating intellectual game. In 
an advanced but punitively rigid society the 
intellectual is wise to seek private stimulus. 
(Witness the popularity of chess in the old Soviet 
Union.) Mathematics may have originated out of 
practical need, but its purely abstract possibilities 
were probably glimpsed by early man. Obscure 
cave markings found as far afield as India and 
France appear to include mathematical as well as 
simply artistic patterns. 

But back to Egypt, and what Pythagoras would 
have learned there during his travels. Besides 
arithmetic, the Egyptians had also discovered 


geometry. This word literally means ‘measuring 
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the earth’, and its techniques were first used to 
measure out the boundaries of property, a 
process which had to be repeated afresh each 
time the Nile flooded. 

Such constant practice soon led to geometrical 
sophistication. The scribe Ahmes, writing in 
1650Bc, stated that the area of a circle was equal 
to the square of % of its diameter. He had not dis- 
covered the notion of a, but his formula effec- 
tively gives a figure for % which is within 2%. 
This was close enough for Egyptian engineering 
and architectural purposes. The scribe Ahmes is 
the first individual to emerge into the light of day 
during the long dawn of mathematics, though his 
lists of mathematical tables and _ brain-teasing 
problems were almost certainly copied from 
another source. (Thus establishing a tradition 
which was to be followed by many later mathe- 
maticians, both great and small.) 

More significantly, as far as Pythagoras and his 
theorem are concerned, the Egyptians knew that 
a triangle of sides 3, 4 and 5 units is right-angled. 
Historical evidence also indicates that they knew 
other properties of such triangles, including a 


basic trigonometry. (According to tradition 
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Thales measured the height of the pyramids by 
means of their shadows, almost certainly making 
use of a trigonometrical technique developed 
centuries earlier by the Egyptians.) 

From Egypt, Pythagoras is said to have trav- 
elled to Babylonia (also known as Mesapotamia, 
now largely covered by modern Iraq). By the 
sixth century BC the Babylonians were well 
versed in astronomy. They had worked out the 
cycle of solar and lunar eclipses for many cen- 
turies in advance. (These predictions were to 
prove remarkably accurate, seldom being out by 
more than a day or so.) Once again, Pythagoras’ 
predecessor Thales had benefitted from this 
expertise, which was unknown to the Greeks in 
the early sixth century. In 585Bc he achieved 
fame by predicting a solar eclipse, whose date he 
had obtained from Babylonian sources. 

Babylonian mathematicians had advanced into 
abstract realms far beyond Egyptian understand- 
ing. Unlike the Egyptians who merely played 
with abstract concepts in an aura of religious 
practice, the Babylonians believed their calcula- 
tions had religious significance. Computational 


practice was a form of religious initiation, leading 
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to a higher spiritual level. This idea was to have 
a profound effect on Pythagoras. 

The Babylonians could solve linear and qua- 
dratic equations (though like the Egyptians, they 
had developed no algebraic notation). A second 
millennium Bc Babylonian clay tablet in the Yale 
Collection depicts a square with its diagonals. 
The dimensions are given in crude cuneiform; 
but there is nothing crude about the mathemat- 
ics involved. On the contrary. Amongst these 
figures is an equivalent value of V2 which is cor- 
rect up to six decimal places (ie, 1.414213 . . .). 
Several conclusions can be drawn from this. The 
Babylonians were aware of a method for calcu- 
lating square roots. But they were not aware that 
V2 is irrational. (An irrational number cannot be 
written down as a decimal whose numbers end 
or repeat: in other words, it cannot be calculated 
exactly — and is thus often known as an incom- 
mensurable. The best known of all irrationals is 
of course It.) 

Judging from this evidence, it seems certain 
that the Babylonians remained unaware of the 
existence of irrational numbers. More signifi- 
cantly, it is clear from the Yale tablet that the 
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Babylonians had gone some way towards discov- 
ering the theorem which was to make Pythagoras 
famous. The Babylonians knew of the relation- 
ship between the sides of a right-angled triangle 
and its hypoteneuse, though they had not dis- 
covered a simple method of expressing this. They 
still relied upon rule-of-thumb techniques, 
which they didn’t express in any generalised 
algebraic form. 

Legend has it that Pythagoras now travelled 
even further east than Babylon. Here he is said to 
have encountered magi in Persia and even Indian 
brahmins. Other, apparently even more fanciful 
sources speak of his meetings with Celtic druids, 
either in Brittany or possibly even in Cornwall or 
Wales. Even though such meetings seem highly 
unlikely, they cannot be entirely discounted. 
Samos’ Spanish colony Teremessus is known to 
have had trading links with Brittany and the tin 
mines of south-west Britain. Similarly, although 
Pythagoras may not have travelled as far as Persia 
or India, he may well have become aware of the 
teachings of the magi and brahmins when passing 
through Phoenecia on his way to Babylon. The 


Phoenecian ports of Tyre and Sidon were termi- 
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nals for the eastern trading routes, which already 
stretched as far as India, and were to be used two 
centuries later by the armies of Alexander the 
Great. 

Pythagoras picked up a great deal more than 
mathematical knowledge on his travels. ‘It is said 
that he initiated himself into nearly all the mys- 
teries of the Greeks and the Barbarians [ie, non- 
Greeks], and even obtained admission into the 
Egyptian priestly caste,’ according to Hegel. 
Such initiations may have been undertaken in the 
interests of intellectual research, but it seems evi- 
dent that Pythagoras’ travels were also something 
of a religious quest. Here was a great mind, 
which wished to absorb everything; but the dri- 
ving psychology of this mind seems to have been 
peculiarly divided. The budding mathematical 
genius co-existed with a religious spirit of mes- 
sianic pretensions. 

The trouble is, we know so little about 
Pythagoras’ actual character. It’s possible to dis- 
cern a ghostly outline of his intellect, but the tint 
of his live personality has long since faded. We 
know nothing of his relations with his father or 


his mother, or even whether he knew them. 
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(The lack of a complete family life occurs with 
surprising frequency in the great philosophers, 
amongst whom Pythagoras would certainly rank. 
Plato, Descartes, Hume, Kant, Nietzsche, to 
name but a few, were all brought up in single- 
parent families.) Yet something out of the ordi- 
nary must have occurred. Such exceptional 
intellect is rare enough. But for this genius to co- 
exist with messianic qualities is probably unique. 
Only two near comparisons spring to mind. St 
Augustine was the greatest philosopher of the 
first millennium and a proselytising bishop of 
considerable ingenuity and fierceness. Pascal was 
the finest religious thinker of the 17th century 
and amongst its leading mathematical minds. Yet 
neither created his own religion or became 
‘intellectually one of the most important men 
that ever lived’. 

But such developments as this still lay in the 
future, when Pythagoras at last returned from his 
travels to Samos. Even so, it appears more than 
likely that Pythagoras was by now well aware of 
his exceptional gifts. Perhaps even arrogantly so, 
to judge from what happened a few years after he 


came home. 
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At this stage Samos was ruled by the tyrant 
Polycrates. An astute and ruthless character, 
Polycrates had decided to diversify Samos’ com- 
mercial interests. Much of its renowned 100- 
strong fleet had been switched from lucrative 
trading to even more lucrative piracy. With his 
iul-gotten gains, Polycrates embarked upon the 
sort of grandiose building programme expected 
of any self-respecting tyrant. The result, accord- 
ing to the early historian Herodotus, was ‘the 
three greatest works to be seen in any Greek 
land’. These consisted of the Temple of Hera 
(the largest Herodotus had seen on his extensive 
travels throughout Greece and the Near East), an 
extensive mole to protect the harbour, and an 
aqueduct which included a two-mile-long tun- 
nel through a mountain. The impressive remains 
of all three of these can be seen to this day. 

Like many an uncouth tycoon, Polycrates 
wished to be regarded as a man of culture — and 
was willing to pay handsomely for this accolade. 
As a result his court attracted intellectuals and 
artists from all over the Aegean. 

Pythagoras was soon installed as polymath-in- 


residence. In those days, rulers were often rash 
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enough to seek the advice of their intellectuals, 
and Pythagoras may well have played a political 
role. Later events suggest that he was not lacking 
in political expertise, and it seems unlikely that 
he would have acquired this anywhere else but in 
his native Samos. 

The political and diplomatic situation at Samos 
was not easy, and would have exercised 
Pythagoras’ abilities to the full. Polycrates had 
treacherously seized power whilst the populace 
was out celebrating at a local festival, and as a 
result he had many enemies. Samos itself was also 
in a tricky situation. Its wealth had begun to 
attract envious attention from other Aegean 
powers, such as Sparta and Athens (who were also 
becoming increasingly irritated by Polycrates’ 
idea of nautical trading). Worse still, the Persian 
Empire was now expanding to the coast of main- 
land Asia Minor, whose closest point lay just a 
mile across the strait from Samos. To combat this 
threat, Polycrates allied himself with the 
Egyptians. Then he suddenly decided to switch 
sides, having despatched his political enemies on 
a mission to Egypt. It’s not clear what part 
Pythagoras had in all this. Whatever his capacity 
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at court, he was bound to have been affected one 
way or another. As a leading citizen it would have 
been impossible to avoid taking sides. However, 
backing the wrong horse doesn’t seem to have 
been the cause of Pythagoras’ undoing. His 
falling-out with Polycrates was a personal matter. 

Pythagoras regarded himself as superior to any 
tin-pot tyrant, and evidently didn’t disguise this 
fact with sufficient enthusiasm. A gaffe which he 
was to regret. The court etiquette of a tyrant is 
quite plain on these matters, and Pythagoras paid 
the price. 

As a result of his falling foul of the boss, 
Pythagoras was banished from Samos, never to 
return. According to a persistent legend, he was 
first imprisoned, and to the south of the island 
there is still a remote murky cavern on a moun- 
tainside which is known locally as Pythagoras’ 
Gaol. (It was to be almost two and a half millen- 
nia before Pythagoras got his own back. In 1955 
the coastal resort which was once Polycrates’ 
capital was renamed Pythagorion, in honour of 
‘the greatest man of Samos’.) | 

By the time Pythagoras was exiled from 


Samos, he was becoming recognised as an out- 
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standing intellect by more than just himself. This 
was marked in the usual fashion by his fellow 
Greeks. The philosopher Anaximenes, a rival 
pupil of Anaximander, is said to have described 
Pythagoras as ‘the most industrious of all seekers 
after knowledge’, and then rubbished the actual 
fruits of these researches as so much piffle. 
Likewise, the rivalry between Samos and the 
Ionian mainland was not limited to trade. The 
Ionian philosopher Heraclitus recorded his view 
that ‘much learning does not teach sense — other- 
wise it would have taught Pythagoras’. 

From Samos Pythagoras journeyed west, 
eventually arriving in Magna Graecia around 
529sBc. Here he settled in the Greek colony of 
Croton (modern Crotone), on the ball of the 
foot of Italy. Pythagoras now described himself as 
a philosopher, and set up as a teacher of this sub- 
ject, quickly attracting a group of followers who 
appear to have recognised his exceptional quali- 
ties from the start. 

In Greek, philosopher means ‘lover of wis- 
dom’, and Pythagoras was the first man to 
describe himself as such. Previous philosophers 


had been known as sophists, which means “wise 
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men’. Many have questioned the significance of 
this definitive step. Some suggest that Pythagoras 
modestly didn’t consider himself wise, but 
merely as strongly drawn towards wisdom, ever 
in pursuit but never attaining it. This seems 
unlikely. (Such bashfulness would seem out of 
character.) Although philosophy had only been 
going for just over half'a century, the sophists had 
already begun to acquire a bad name. As with any 
‘wisdom’ since the beginning of time, philoso- 
phy had proved an irresistible attraction to char- 
latans and intellectual con men. By calling 
himself a philosopher, Pythagoras probably 
wished to distance himself from the bogus ele- 
ment. (Though, as we shall see, what he had in 
mind for philosophy was far to outstrip the antics 
of any previous fake practitioner.) 

Not until the 19th century did Hegel draw the 
definitive distinction between a philosopher and 
a sophist. He likened this ancient dichotomy to 
the difference between a wine-loving connois- 
seur and an old wino — though, alas, Greek 
philosophers were to continue to bear a strong 
physical resemblance to the latter for some cen- 


turies to come. 
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It was almost certainly during these early years 
in Croton that Pythagoras did his major mathe- 
matical work, including the discovery of his cel- 
ebrated theorem, (if indeed this was discovered 
by him, and not one of his followers: a vexed 
topic which I shall return to later). As we have 
already seen, the Babylonians came within a 
whisker of discovering the formula we know 
today as Pythagoras’ Theorem. They knew that a 
right-angled triangle whose sides are 3 and 4, has 
a hypoteneuse of 5. Indeed, one cuneiform tablet 
goes so far as to list 15 different trios of numbers 
that are all the sides of nght-angled triangles. But 
it was probably Pythagoras himself (or one of his 
followers) who first came up with the definitive 
formula: 

a? +ibt = ¢7 


for a right-angled triangle: 
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This formula is revolutionary for various rea- 
sons. It characterises the distinctive Greek contri- 
bution to mathematics — the reason why to this 
day we still regard the Greeks as in many ways 
the founders of this discipline. The Greeks were 
the first to make mathematics a purely theoreti- 
cal study, whose procedures are capable of 
general application. And they went one step 
further, by confirming these generalised proce- 
dures with proofs. The Babylonians and the 
Egyptians had procedures, but these remained in 
the rule-of-thumb class. Owing to their lack of 
algebra they had no way of setting them down 
in general terms. Only when this had been 
done, could such propositions be proved or dis- 
proved, with the aid of deductive reasoning. 
(Interestingly, the Greeks in their turn lacked a 
word for this. Like many words of Arabic origin, 
such as alcohol, alchemy and almanac, the word 
algebra only emerged in the Middle Ages — from 
the Arabic al-jebr, which means reunion, and by 
inference equation.) 

Abstraction, proof, deductive reasoning: three 
primary characteristics of mathematics — all these 


were introduced by the early Greeks, and there is 
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a strong possibility that they were introduced by 
Pythagoras himself. 

As Pythagoras wrote nothing down, we have 
no record of how he proved his theorem. The 
gseometer Euclid, writing just over two centuries 
later, set down several proofs of it in his Elements, 
the book which was to define geometry for over 
two millennia to come. At least one of these 
proofs was probably of Pythagorean origin. The 
earliest authority we have for attributing the dis- 
covery of Pythagoras’ Theorem to Pythagoras 
himself is the first century BC Roman architect 
Vitruvius Pollio (nowadays best known for his 
theory of human proportion, where a human 
figure fits into a square circumscribed by a circle, 
famously illustrated by Leonardo). In fact, we 
know so little for certain about the life of 
Pythagoras that it is virtually impossible to distin- 
guish his ideas from those of his followers. Owing 
to the lack of works by Pythagoras himself, we 
can only rely upon the works of the Pythagoreans 
and later commentators. And as the Pythagoreans 
were in the habit of ascribing all their discoveries 
to their master, these too are of debatable help. 


For the time being, I shall continue to attribute 
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the major Pythagorean ideas to Pythagoras him- 
self, later suggesting which developments might 
have been the work of his disciples. 

The discovery of Pythagoras’ Theorem led to 
a number of intriguing discoveries about right- 
angled triangles with integral sides, that is, sides 
which are whole numbers (now known as 
Pythagorean triangles). For instance, the triangle 
with sides 3, 4 and 5 has several properties not 
found in other Pythagorean triangles. It is the 
only one whose sides are in arithmetic progres- 
sion, and the only triangle of any shape with in- 
tegral sides whose area is half its perimeter. There 
are only two Pythagorean triangles with areas 
which are equal to their perimeter (5, 12, 13 and 
6, 8, 10). 

The Greek transformation of mathematics into 
a purely abstract field meant such possibilities 
could now be explored. There was room for 
speculation, play and discovery. It was possible 
simply to follow a line of reasoning and calculate 
what it came up with. The door to the vast field 
of mathematical exploration was opened. 

Another of the major discoveries which 


resulted from Pythagoras’ Theorem was that of 
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irrational numbers. According to Pythagoras’ 
Theorem, an isosceles triangle (ie, one with two 
equal sides) whose sides are 1 and 1, has a 
hypoteneuse of V2. 

e+ toe 2 


1 
The Pythagoreans discovered that the value of V2 
could not be found. The length of the 


hypoteneuse of such a triangle could not be 


measured properly. No matter how large the 
units and how fine a ruler was used, its length 
always fell somewhere off-centre between two 
measuring lines. This was true when you tried to 
measure its length, and more convincingly it was 
also true when you tried to calculate its length. 
There simply was no rational number equal to 


v2. Its value could not be expressed as a decimal 
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which either finishes or repeats. V2 = 
1.4142135623 ... and so on for ever, with no 
recurring pattern. When a nght-angled triangle 
has two arms of one unit, its hypoteneuse simply 
cannot be expressed in terms of that unit. 

But how can we know this? Even if we’ve cal- 
culated V2 to the billionth place, how do we 
know that the billionth and first isn’t the final 
decimal place? Euclid contains a proof of why 
this is so, which was certainly known to the 
Pythagoreans. This consists of a reductio ad absur- 
dum argument, showing that if the hypoteneuse 
is commensurable with its two sides it must be 
both odd and even! Basically, this runs as follows: 
if we have an isosceles triangle with sides of 1, its 


hypoteneuse can be expressed as the fraction %. 
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According to Pythagoras’ Theorem: 
12+ 17=% 

Therefore */2 = 2 

If x and y have a common factor, divide them 
out, then either x or y must be odd. 

But x* = 2y? (*) 


Therefore x? 


is even, and thus x is even. 

This means y is odd. 

But suppose x = 2a 

Then 4a’ = 2y? (see line (*) above) 

Thus: y? = 2a? 

Which means that y is even. 

Pythagoras also carried out far-reaching practi- 
cal investigations, particularly in the field of 
musical harmony. He discovered that musical 
harmony on a plucked string (or a column of air, 
as in a flute) corresponded to ratios. Indeed, the 
most beautiful (pleasing) harmonies corre- 
sponded to the most beautiful (simplest) ratios. 
An octave corresponds to the ratio 2:1. A fifth 
corresponds to the ratio 3:2, and a fourth corre- 
sponds to 4:3. 

Pythagoras’ investigations reinforced his grow- 
ing belief in mathematics. For him, this was more 


than just an intellectual pursuit, it appeared to 
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explain the world. Harmony, proportion, the 
properties of numbers, the beauty of simplicity 
and certain shapes — it seemed to speak of some 
deep numerical nature which governed all 
things. All this became even more apparent in 
Pythagoras’ study of astronomy. 

Pythagoras was influenced in his astronomical 
studies by the Babylonians and his teacher 
Anaximander, who had been the first to draw a 
map of the heavens. Astronomy as we know it 
had been started by the Babylonians, who 
observed the night heavens from the summit of 
their huge terraced ziggurats. It’s now known 
that the Babylonians began making regular 
observations of the planet Venus as early as 
1975Bc. Indeed, the cuneiform tablets dating 
from this period are the first systematic recording 
of events in the physical world: the earliest 
known scientific documents. By 747Bc, the 
Babylonians were making regular observations of 
eclipses, which soon led to systematic predictions 
of solar and lunar eclipses. The Babylonians 
knew of seven planets (including the sun and the 
moon), which they considered to be of divine 


origin. 
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The periodic motion of heavenly bodies 
further confirmed Pythagoras in his belief in 
mathematics. From the start, it had naturally 
been assumed that the earth was the centre of the 
universe. Anaximander had been the first to 
realise that the planets were closer to the earth 
than the stars, and his observations of their move- 
ments had convinced him that they were each at 
a different distance from the earth. This led 
Pythagoras to a momentous conclusion. It 
looked as if the seven planets and the Earth were 
in some way analogous to a musical octave. The 
planets (or spheres, as they were known) were 
like the seven strings of a lyre, and produced a 
celestial harmony which he called ‘the music of 
the spheres’. 

But there will always be some smart alec who 
insists upon asking awkward questions. Why 
can’t we hear this heavenly music? How do we 
know it’s there if nobody has ever heard it? 
Pythagoras was well up to this sort of obstruc- 
tionism. He replied that we are unable to hear 
the music of the spheres because we have been 
hearing it since the moment we were born, and 


simply mistake it for silence. 
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To explain this, Pythagoras used the image of 
the blacksmith in his forge, who no longer hears 
the constant pounding of metal against metal. (Is 
this intended to suggest that the heavenly har- 
monies of the spheres sounded like the deafening 
clang of hammer against anvil?) 

Yet how could Pythagoras be so sure about all 
this? According to his contemporary followers, 
Pythagoras attained a stage of mystico-mathe- 
matical enlightenment where he did occasionally 
hear the music of the spheres. Later Pythagoreans 
say this consisted of ‘blissful harmonies’, so the 
evidence points against it sounding like Wagner’s 
anvil chorus or jazz percussion. (But either way, 
this evidence sounds pretty flimsy.) 

All this could be dismissed as a rather beautiful 
poetic fancy, but Pythagoras had the mind of a 
mathematician and his analysis yielded some 
astonishing results. He reasoned as follows. To 
produce this music the planets would each have 
to travel at a different speed. Those travelling at 
the highest speed would produce the highest 
notes in the octave, and so forth. The lowest 
notes would of course come from the slower 


planets, which would be travelling closer to earth. 
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Pythagoras’ idea of beauty was similar to our 
idea of mathematical simplicity. For him the 
sphere was the most beautiful solid, and the circle 
the most beautiful shape. The beautiful har- 
monies of the spheres would thus be produced by 
round planets moving in circular orbits around 
the earth. As a result of his observations and 
mathematical prejudices, Pythagoras calculated 
the order of planets in increasing distance from 
the earth to be: the Moon, Mercury, Venus, the 
Sun, Mars, Jupiter, Saturn. This is the earliest 
known theory of the solar system. A remarkable 
feat, considering the assumptions of his time and 
the fact that he used no instruments. Implicit in 
this theory is the notion that the Earth is a 
revolving globe suspended in space, something 
which no one had suggested before. The contri- 
bution of Pythagoras (and/or his followers) to 
astronomy is thus quite as fundamental as his 
spectacular mathematical discoveries. 

Ironically, the very accuracy of Pythagoras’ 
theory of the solar system soon caused others to 
notice inaccuracies in it. Subsequent observations 
by later Pythagoreans led them to realise that 


Venus and Mercury in fact travelled around the 
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sun. The heliocentric picture of the solar system 
was beginning to emerge. Other Pythagoreans 
then developed the idea that the earth circled 
around a central fire. (Though they did not sug- 
gest that this was the sun.) We were not burned 
by this fire because our side of the globe was 
always turned away from the fire. According to 
the Pythagoreans, it was the earth’s movement 
around this central fire that accounted for night 
and day. 

Rival observers had understood that the 
moon shone with reflected light. Not to be out- 
done, the Pythagoreans went one better and 
suggested that the sun too shone with reflected 
light, and also reflected heat onto us from the 
central fire. 

As we can see, all the pieces for a heliocentric 
explanation of the solar system were now ready 
to fall into place. But no Pythagorean managed 
to complete the jigsaw. This was finally achieved 
around 260Bc by Aristarchus of Samos — some 18 
centuries before Copernicus. However, it’s 
worth noting that Copernicus didn’t owe his 
idea to Aristarchus. It was the Pythagorean sug- 


gestion that the earth moved around a central fire 
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which first inspired Copernicus, as he stresses in 
his works. 

The discovery that numerical ratios underlay 
music, and the belief that they also governed the 
heavens, led Pythagoras to a conclusion whose 
repercussions remain to this day. Already he had 
concluded that everything could be reduced to 
geometric shapes, whose proportions and prop- 
erties were governed by numerical relations. He 
now combined these insights, and concluded that 
everything worked according to number. 

We so take this for granted that it’s difficult to 
imagine a world where it is not the case. Our 
entire scientific faith rests on the belief that 
everything is susceptible to measurement or cal- 
culation of some sort. But Pythagoras went one 
step further. He came to the conclusion that ‘all 
is number’. Just as Thales had come to the con- 
clusion that ultimately the world was made of 
water, Pythagoras concluded that it was made up 
of numbers. And this he made the fundamental 
principle of his philosophy. 

But what exactly did Pythagoras mean when 
he said ‘all is number’? His idea of number was 


fairly complex. He conceived of the number 1 as 
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a point. 2 was seen as a line, 3 as a surface, and 4 


as a solid. Diagrammatically, this becomes: 


Seay: ox aladycinrt hua 


Numbers had shapes, which somehow made up 
the world. Echoes of this idea remain in mathe- 
matics to this day — in our idea of squares and 
cubes of numbers, of three-dimensions, and so 
forth. 

Unfortunately it was at this point in his think- 
ing that Pythagoras overstepped the mark. His 
fascination with numbers, and his belief that 
they made up the world, led him to create more 
than just a philosophy around them. 
Overwhelmed by the magnificence of his dis- 
coveries, he decided that numbers were the 
answer to everything. As a result, he even went so 
far as to found a religion based upon numbers — 
with himself as its leader. 

Pythagoras had arrived in Croton as a teacher, 
but his metamorphosis into a religious leader 
seems to have taken place fairly soon after this. 


His mathematics and philosophy students were 
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thus transformed into disciples, and what they 
were taught took on an aura of religion. ‘All is 
number’ became a theological as well as a scien- 
tific explanation of the world. | 

Pythagoras believed that the ability to maintain 
silence was the first step towards understanding. 
(Not always a wise assumption for a teacher, reli- 
gious or otherwise.) His followers were divided 
into two hierarchical groups. The initiates — 
known as ‘listeners’ — were not allowed to speak. 
They were expected to spend their time living up 
to their name, and committing to memory the 
words of the master. Members of the senior 
group were known as ‘mathematicians’. These 
were allowed to ask questions, and could even, 
on occasion, express opinions of their own. They 
were also allowed to undertake their own 
researches, and sometimes made original mathe- 
matical discoveries. However, such advances 
were always credited to the master. As I have 
already stressed, this is the main reason why it is 
so difficult to pinpoint what exactly Pythagoras 
himself discovered. 

Pythagoras’ number-philosophy is understand- 


able, and indeed has some justification. His 
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number-religion does not — except in the most 
fanciful sense. Numbers were divided into male 
(odd) and female (even). However, this basic 
premise left him with certain difficulties. 1 
couldn’t be the first number because it wasn’t 
really a number at all — it was the undivided all, 
and in this undivided state it was antipathetic to 
the entire schismatic notion of numbers or math- 
ematics. On the other hand, 2 certainly couldn’t 
be the first number because it was female. 
Heaven forbid. So Pythagoras decided that 3 was 
the first real number — for the ingenious reason 
that it was the first complete number, because it 
had a beginning, a middle and an end. (Compare 
this with Pythagoras’ notion of 1 as a dot, 2 as a 
line, 3 as a plane, and we begin to see quite how 
far he was straying.) Later Pythagoreans remedied 
this slightly by suggesting that 3 was the first real 
number because it was the first to increase more 
by multiplication than by addition ie, 3 x 3 is 
greater than 3 +3. :This at least relies: upon a 
mathematical property, rather than sheer 
whimsy. 

Pythagoras’ numerical fairy tales soon 


descended into all kinds of magic. 5 was associ- 
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ated with marriage, because it was the sum of the 
first female number 2 and the first male number 
3. (As we can see, deductive reason was not an 
integral part of number-religion. If 3 was the first 
number of all, how could 2 be the first female 
number? The dumb ‘listeners’ were forbidden 
from asking such questions, the ‘mathematicians’ 
presumably kept mum for their own reasons 
when the master pronounced on these matters.) 
5 was also associated with nature, because when 
it is multiplied by itself it gives a sum which ends 
in itself. The Pythagoreans discovered that the 
number 6 has this property, too. These are now 
known as automorphic numbers. The next two 
automorphic numbers — 25 and 76 — may also 
have been known to the Pythagoreans. From this 
it can be seen that the Pythagorean religious fas- 
cination with numbers was not entirely fruitless. 
Their hunt for hidden metaphysical significances 
may have been misguided, but it was to discover 
much valuable mathematical lore. 

So such apparent nonsense did not always 
result in further nonsense. Likewise, his finest 
insights. Pythagoras’ brilliant astronomical work 


may well have given justification to his most 
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notorious doctrine of all — metempsychosis. 
Transmigration of souls was a basic tenet of the 
Pythagorean religion, along with the belief that 
‘all is number’. Disciples were required to believe 
that their soul had occupied a different body in a 
previous life. 

As we have seen, Pythagoras first heard of this 
notion from his tutor Pherecydes. It appears to 
have lain at the bottom of his mind — with the 
status of mere possibility — during his travels 
through Egypt and Babylonia. Though it may 
well have acquired a few refinements in these 
exOtic spots. 

Ironically, it was probably Pythagoras’ original 
work in astronomy which stimulated this metem 
into full-blown psychosis. His observations of the 
heavens suggested to him that the motion of the 
heavenly bodies was cyclical. If this was the case, 
it meant that each of the heavenly bodies even- 
tually returned to the place where it had started. 
From this Pythagoras concluded that there must 
be a cycle of cycles — a ‘greater year’ — on the 
completion of which all the heavenly bodies 
would return to their original position and pre- 


cisely the same constellation would be observed. 
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From this he deduced that what had once 
occurred in the world would then happen again 
in exactly the same sequence and manner, and 
would go on doing so in ‘eternal recurrence’. 
(Curiously, this idea was to recur 2,500 years 
later in the thinkings of the only other great 
philosopher whose sanity became seriously open 
to question, Friedrich Nietzsche.) 

For Pythagoras the movements of the heavens 
proved his notion of the ‘greater year’, and the 
deduction of “eternal recurrence’. From this it 
was but a small leap to something a little less 
proveable: metempsychosis. But the evidence 
was all there, in the heavens — or so Pythagoras 
believed. 

The idea that all souls had lived previous lives 
in other bodies (or even plants) became the moral 
basis of Pythagoras’ religion. Only by good 
behaviour could the soul rise up the scale: life as 
a virtuous vegetable might be rewarded with the 
Opportunity to live as a rabbit, and so forth. 
Highest in the scale was the saintly human, 
whose supreme moral effort enabled his soul to 
break free from the cycle of birth and death. The 


body was thus viewed as the tomb of the soul — a 
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belief whose effects linger on in many religions to 
this day. 

But metempsychosis also had its beneficial 
effects. Pythagoras and his followers believed in 
the kinship of all living things. This led them to 
respect their fellow human beings as well as their 
animals, and abstain from eating meat. Like St 
Francis, Pythagoras is said on occasion to have 
delivered sermons to assembled groups of 
animals. (A few of the legends which accumu- 
lated around St Francis are known to have pre- 
dated him, and it has been suggested that they 
may derive from pagan tales concerning early 
Pythagorean-style holy men.) 

Unfortunately talking to the birds was not 
Pythagoras’ only eccentricity. By all accounts, his 
religion contained some very odd practices. 
Anyone joining the faith had to conform to a long 
list of rules, drawn up by the master himself. As is 
usually the case in any religion, this consisted of a 
catalogue of things which were forbidden. These 
included eating beans, starting first into a loaf of 
bread, letting swallows nest in your roof, looking 
into a mirror by the light of a taper, and especially 


eating your own dog. When you arose from your 
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bed in the morning you had to make sure that 
you smoothed the imprint of your body from the 
sheet, and when you removed a pot from the fire 
you had to stir the ashes so as not to leave its 
impression. And much, much more. 

How could such arrant superstition co-exist in 
the same mind with such brilliant mathematical 
insight? It’s easy for us to ask such questions now, 
from a perspective which places its faith in reason 
and science. The mental landscape was very dif- 
ferent in Pythagoras’ time. In so many ways, his 
mathematical discoveries were made in spite of 
the prevailing atmosphere of the _ period. 
Numbers had still to shed their carapace of 
magic, and numerology had an agenda far 
beyond the field of mathematics. (Incredible 
though it may seem, some people even went so 
far as to believe that the date of their birth deter- 
mined their character.) 

Admittedly, philosophical enquiry had already 
begun, and was advancing at an astonishing pace. 
(Less than 250 years after Thales started philoso- 
phy, Plato was born, arguably its most consum- 
mate and sophisticated practitioner ever.) The 


advent of philosophy meant that questions about 
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the nature of life and the world could now be 
asked outside the context of religion and supersti- 
tion. Yet beyond the clear, fledgling vision of 
philosophy, every tree, every movement of the 
heavenly bodies or flight of birds, every number, 
every chance event — all had their fuzzy aura of 
omen. In this respect Pythagoras was a throwback 
to the pre-philosophic era. The mathematics and 
philosophy which had broken free from religion, 
he tried to reintroduce to the fold. 

Seen in this context Pythagoras’ religious ideas 
don’t appear quite so batty. Pythagoras must have 
picked up many of these on his eastern travels. 
For instance, his ban on beans — allegedly because 
of their ability to take on human form under suit- 
able conditions (pile of dung, 40 days, new tomb 
etc). However, Pythagoras’ real reason for ban- 
ning beans was much more likely to have been 
the obvious: they made you fart. This habit was 
viewed with horror in earlier times. Such high 
disapproval was linked to the belief that each life 
is granted only its allotted amount of breath — a 
belief which once extended from China to the 
Middle East. Farting wasn’t just unpleasant for 


those around you, it was extremely unpleasant 
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for you too. It meant that you were losing part of 
your life force, your very spirit. (The word spirit 
originally meant ‘breath’ or ‘air’, giving us such 
words as inspire and expire. So a remnant of this 
belief still persists in the language we use, even if 
we are not always aware of it.) Similar rationales 
account for other Pythagorean eccentricities. 
Smoothing your bedsheet meant that no one 
could cast an evil spell over the form of your 
body, which would affect the actual content of 
this form — a superstition which is still widespread 
in Africa. Other more quaint Pythagorean edicts 
— such as not looking into lit mirrors in the dark 
— almost certainly derive from the secret Greek 
religious cults of the period, known collectively 
as The Mysteries — which have lived up to their 
name by remaining as mysterious today as they 
were then. On the other hand, some of these 
Pythagorean edicts seem to have been just non- 
sense pure and simple — as much so in their time 
as they appear today. Anaximenes, Heraclitus, 
and Aristotle certainly thought so — and they 
were far from being alone in this ancient opin- 
ion. One can’t help feeling sympathy with 
Hegel’s petulant dismissal of Pythagoreanism as 
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‘the mysterious product of minds as shallow and 
empty as they are dark’. 

Like the Dionysian orgies of The Mysteries, the 
actual mathematical practices of Pythagoreanism 
also remain something of a mystery. (Though we 
can safely surmise that there were no mathemati- 
cal orgies.) Apart from its hilarious rules and many 
important mathematical discoveries, much else 
remains disputed. The Pythagoreans appear to 
have been a sort of mystico-mathematical- 
ethico-dietary brotherhood. They shared all 
property and lived together in communal houses, 
where there was no social discrimination between 
classes, and slaves were treated as equals. This tol- 
erance even extended to women. (Recalcitrant 
males who found this unheard-of state of affairs 
difficult to accept were reminded that their soul 
might have inhabited the body of a woman in a 
previous life, or might be doomed to such a fate 
in one to come.) 

Surprisingly, this revolutionary egalitarian 
behaviour seems to have upset no political apple 
carts, at least not to begin with. The Pythagoreans 
found favour with the aristocratic rulers of the 


Greek colony-cities of southern Italy, and 


ise SE es 


LIFE AND WORKS 


Pythagoreanism soon began gaining converts. 
Pythagorean community houses were established 
at all the main cities around the Gulf of Taranto, 
and its adherents spread even further afield. The 
rulers of the Greek cities apparently viewed 
Pythagoreanism as a support against the spreading 
influence of democratic ideas. This suggests that 
these Pythagorean communities might not have 
been quite so populist as they appeared. It is prob- 
able that their choice of members was somewhat 
elitist: kindred spirits of the educated classes, along 
with their trusted slaves. Pythagoreanism may 
have had elements of a moral crusade, but its 
houses probably more resembled institutes of 
higher learning — an ethico-intellectual combina- 
tion as unusual then as it is today. 

The «idea that:« all) is number. led... the 
Pythagoreans to believe in the ultimate mathe- 
matical harmony of the universe. Musical har- 
mony and the harmonies of the spheres were 
aspects of this. Another was found in geometric 
shapes, particularly the harmonious nature of 
regular solids. In Pythagoras’ time only four 
regular solids were known — the tetrahedron (tri- 


angular pyramid), the cube, the octahedron (eight 


ics MMM 


PYTHAGORAS & HIS THEOREM 


identical faces), and the dodecahedron (twelve 
faces). At the time it was believed that these regu- 
lar geometric shapes corresponded with the four 
elements of the real world. (Iron pyrites crystals in 
the form of dodecahedrons were found naturally 
in Italy, and stones carved in this shape had been 
worshipped by the Etruscans in the tenth century 
Bc.) The Egyptians knew of three regular solids 
(the dodecahedron was unknown to them) and 
even incorporated these shapes into buildings and 
monuments. But it was the Pythagoreans who 
discovered the geometric method for the con- 
struction of the four regular solids. 

The dodecahedron, which is virtually a globe 
made of 12 regular pentagons, was thought to 
correspond to the universe. It was thus held in 
particular awe. The Pythagorean order was highly 
secretive about its mathematical knowledge, and 
this was considered one of its greatest secrets. 
Indeed, one member of the order was lynched by 
the others and drowned in a public sewer, when 
it was discovered that he had divulged the secret 
of the dodecahedron to an outsider. (This is the 
earliest recorded death to result from passing on 


mathematical data, a fatal tradition which only 
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reached its peak during the latter half of the 20th 
century during the Cold War.) 

The fact that the dodecahedron was con- 
structed out of regular pentagons (five-sided 
figures) made it particularly significant. The pen- 
tagon and the pentagram (the regular five-legged 
star shape which fits inside it) were known to the 
Babylonians, who had discovered the extra- 


ordinary properties of these figures. 


Regular pentagon Pentagram inside a regular pentagor 


The Babylonians considered the pentagram as a 
symbol of health, both physical and spiritual. Its 
properties were related to the Divine Proportion 
(later known as the Golden Ratio). To corre- 
spond with this ratio, a line must be divided such 
that the ratio of its smaller part to its greater part 
is the same as that of the greater part to the whole. 


xX y Z 
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In the preceding diagram, the ratio of YZ to 
YX is the same as XY to XZ. This ratio, relating 
the divided parts and the whole, assumed 
immense symbolic significance for the 
Babylonians. It contained the secret of how the 
world was put together — how its parts fitted to 
each other and how the sum of these parts related 
to the whole, how individual human beings 
related to humanity as a whole and how human- 
ity related to the world — and many other 
symbolic relationships. As such, the Golden 
Ratio — the ultimate harmony — came to be 
regarded with mystic reverence. And when it 
was discovered that the pentagram was formed 
according to the Divine Proportion (or Golden 


Ratio), this too assumed mystical status. 


Pentagram 
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In the preceding pentagram the ratio of AB to 
BC is the Golden Ratio. So also is the ratio of 
AC to AB. Since the figure is regular, this is also 
true of all complete lines throughout the figure. 
As a result of its proportions the pentagram has 
assumed immense, though mysterious, signifi- 
cance throughout the ages. To this day it features 
in most flags containing the moslem crescent and 
star, and the flags of nations ranging from 
Burkina Faso to Western Samoa, China to the 
USA. Amongst the first to use the pentagram as 
a symbol of recognition were the Pythagoreans — 
though of course to them it was a secret sign, more 
in the nature of a Masonic handshake. (Now it’s 
merely the meaning of the pentagram which 
remains a secret — to almost all of those who use 
it as a symbol.) 

Another great secret which the Pythagoreans 
did their best to keep to themselves was the dis- 
covery of irrational numbers, such as V2, which 
could not be calculated. This discovery came as a 
tremendous blow. It meant that the entire struc- 
ture of mathematics, which was based on rational 
numbers, simply couldn’t explain everything. 


Pythagorean theory never overcame _ this 
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devastating discovery, which perhaps explains 
why the Pythagoreans went to such great lengths 
to keep it to themselves. The celebrated 
Pythagorean Hippasus of Metapontum is said to 
have perished in a shipwreck, after his colleagues 
called down divine wrath because he had blown 
the gaff on irrational numbers. 

(Some historians believe that the story of 
Hippasus’ death, and the murder of the 
Pythagorean who gave away the secret of the 
dodecahedron, may well be different legends 
referring to the same event. The evidence we 
have regarding Pythagoras and the Pythagoreans 
comes from so many varied classical sources — 
often of unverifiable reliability — that we can only 
recount the fragmentary evidence that has come 
down to us. However, these do build up a defi- 
nite general picture, which is why I have 
recounted both stories.) 

On the other hand, the Pythagoreans weren’t 
always nasty to one another. After Pythagoras 
discovered his theorem, he is said to have cele- 
brated with his disciples by feasting on a roasted 
ox — which must have required a miraculous 


justification for a strictly vegetarian order. 
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But according to Pythagoras’ disciples, he fre- 
quently displayed miraculous powers. One day 
when he saw a puppy being whipped, he ordered 
the owner to stop — because the puppy contained 
the soul of a dear departed friend, whose voice he 
had recognised in the puppy’s bark. Yet it seems 
Pythagoras wasn’t always so kind to animals. 
Once he was bitten by a poisonous snake, which 
he immediately bit back and killed. On one 
occasion he appeared in two cities at once, and 
on another he instructed some unsuccessful fish- 
ermen to cast their nets again, whereupon they 
hauled in a huge catch. These are of course pure 
legend, but there is method behind their mad- 
ness. These legends accumulated about the name 
of Pythagoras in the early centuries AD, when 
Pythagoreanism was briefly in contention with 
Christianity as the underground religion of the 
Roman Empire. As with the fishermen’s catch, 
some of the miracles ascribed to Pythagoras bear 
a curious resemblance to those ascribed to Christ. 

Pythagoreanism was founded as a religion, but 
was unlike other Greek religions of the period. 
Its social structure, its implicit moral crusade, its 


secrecy, and its continuing proliferation, soon 
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meant that it couldn’t help assuming a political 
role. But its precepts contained no realistic polit- 
ical theory. (We like to think there is more to 
democracy than ‘all is number’.) 

The Pythagorean religion contained rules for 
conduct, but these were of a religious, rather 
than a civil nature. This meant that in political 
matters it could only advocate a religious way of 
life — or ‘rule by the saints’. (A common failing of 
many fundamentalist religions which have come 
to power, from pilgrim America to the modern 
Middle East.) Instead of being a bulwark against 
democracy, Pythagoreanism was eventually seen 
by the aristocratic rulers of southern Italy as a 
revolutionary danger. Likewise, those who 
favoured democratic reforms had no wish for this 
to include reforms of their morals. This situation 
was skilfully manipulated by the rulers, and pop- 
ular: feeling...soon * turned » against, the 
Pythagoreans. As a result, Pythagoras and his fol- 
lowers were eventually forced to flee from their 
home base in Croton. 

This happened some time around 500Bc, 
which means Pythagoras must have been in 


Croton for around 30 years. At this time his dis- 
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ciples in Croton were said to number around 
300, so they must have occupied several com- 
munal houses. Presumably some of these follow- 
ers had to earn a living — if only to support those 
too saintly for such tasks and those only holy 
enough to hoe the fields. These vital wage- 
earners would have been mathematically edu- 
cated men, which means it’s likely that they held 
public office (or at least ran the accounts depart- 
ment). This makes it all the more understandable 
why such a secret society would be seen as a 
threat. Indeed, some sources speak of Pythagoras 
being responsible for a reform of the local cur- 
rency. Croton’s coinage is known to have been 
far in advance of any other in the region, both in 
design and manufacture. The fact that 
Pythagoras’ father was an engraver adds credence 
to the idea that he had a hand in the minting of 
this coinage. Many scholars accept this story, 
which indicates two things. Firstly, that 
Pythagoras held important public office in 
Croton, making use of the political skills he 
acquired in Samos. Secondly that his wide- 
ranging intellectual knowledge was comple- 


mented by practical accomplishments. But once 
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again his diplomatic skills in dealing with who- 
ever ran the show seem to have let him down. 

Fairly soon after their eviction from Croton, 
Pythagoras and his followers set up in 
Metapontum, another Greek colony-city some 
100 miles north on the Gulf of Taranto. 
Pythagoras was by now well into his 60s, a ven- 
erable age considering that the average life- 
expectancy for this period was around 35. But 
the years of abstinence from bean-eating had 
obviously taken their toll, for Pythagoras died 
not long after his move to Metapontum. Though 
according to one source he was burned to death 
when anti-Pythagorean demonstrators set fire to 
the communal house where he was living. 

Like the rest of Pythagoras’ life, this is impos- 
sible to verify. Indeed, a few modern commenta- 
tors have even gone so far as to argue that 
Pythagoras didn’t actually exist. Like the non- 
existence of Christ, or the fact that William 
Shakespeare was Francis Bacon, it is only possible 
to argue such a case when the facts are few and 
fabulous. However, in the case of Pythagoras the 
evidence for existence seems overwhelming. 


And, like Christ and Shakespeare, there are 
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always the works. Whether these were the prod- 
uct of Pythagoras or his followers, they remain. 
The famous theorem, the introduction of proof 
into mathematics, the discovery of irrational 
numbers, to say nothing of the Pythagorean reli- 
gion — these are impossible to deny. And it is by 
these that Pythagoras — whether man, multiple or 
mirage — will be judged. 
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ythagoreanism continued to _ flourish 

throughout southern Italy after the death 

of its leader. The leading Pythagorean 
Hippasus of Metapontum is said to have done 
major mathematical work during this period (ie, 
the early fifth century Bc). There are sources 
which credit him with several discoveries more 
usually credited to Pythagoras. Some say he dis- 
covered the fundamental ratios of the musical 
harmonies (ie, 2:1, 3:2, 4:3). Others insist that he 
discovered irrational numbers (which he obvi- 
ously should have kept to himself before setting 
out on that voyage). 

In 450sc the rising tide of democratic senti- 
ment gave rise to a wave of revolutions 
throughout Magna Graecia, where the Greek 
colony cities became prey to riots and civil dis- 


order. The Pythagoreans were a popular target, 
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and many of their communal houses were burnt 
to the ground. Over 50 Pythagoreans are said to 
have died when ‘the house of Milo’ in Croton 
was sacked. This suggests that the Pythagorean 
communal houses were probably quite large, 
perhaps with a central courtyard, housing 
groups of families. They may also have been 
donated to the movement by rich converts, 
such as Milo. 

After 450Bc the Pythagorean movement split 
into two factions. One group, consisting largely 
of ‘listeners’, set up at Tarantum. This group 
was principally concerned with religious obser- 
vances, and continued to make sure no swal- 
lows nested in their roofs or anyone ate the 
family pet. The other group, largely ‘mathe- 
maticians’, fled across the Mediterranean to 
mainland Greece. A sea change took place, and 
this group shed many of the more whimsical 
Pythagorean principles in favour of. strict 
adherence to the principles of mathematics. 
The leading light of this group was Philolaus, 
who settled in Thebes. Philolaus is said to have 
written a work called On Nature — the first 


comprehensive work outlining the principles, 
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philosophy and discoveries of Pythagoras and 
his followers. This work was bought by Plato 
for a large sum, and greatly influenced his phi- 
losophy. (Instead of numbers as the ultimate 
reality, Plato substituted the equally abstract 
notion of ideas, which combined in a similar 
fashion to produce the everyday world around 
us.) 

Unfortunately news of Plato’s interest in 
Pythagoras, and his willingness to manifest this in 
the form of hard cash, quickly spread. Soon other 
works on the ideas of Pythagoras began appear- 
ing. Many of these proved even more fanciful 
than the Pythagoreanism they claimed to 
describe. The fierce squabbles over authenticity 
continue to this day, further blurring the actual- 
ity of Pythagoras. 

Later in life Philolaus crossed back to Magna 
Graecia, and was reunited with the listeners’ fac- 
tion at Tarantum. Here he introduced a much- 
needed element of mathematical rigour, and had 
a profound effect on his pupil Archytas, who was 
to become a close friend of Plato. Archytas was 
the last, and the greatest, of the early 


Pythagoreans. He appears to have succeeded at 
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everything he tried. He was a brilliant military 
commander, leading the forces of ‘Tarantum to 
several notable victories. His philosophical 
prowess was sufficient to impress Plato (who 
didn’t take kindly to amateurs invading his 
patch). He was a mechanical genius, inventing a 
type of screw, an early pulley, and a rattle. (In 
classical times rattles were used for raising the 
alarm, as well as for amusing infants: one assumes 
that Archytas achieved fame here in his capacity 
as a military commander, rather than as a child- 
minder.) Archytas was also a superb mathemati- 
cian, and managed to solve the classic geometric 
conundrum of how to double the size of a 
cube. He was also a musician, and a talented 
composer — presumably aided by his knowledge 
of Pythagorean harmonies. 

After the death of Archytas around 350Bc, 
Pythagoreanism took on various guises. For a 
period it absorbed elements of Platonic thought 
and became Neo-Pythagoreanism; then in the 
early centuries AD it competed for a while with 
Christianity as an underground religion. Around 
fourth century AD it appears to have disappeared 
completely underground, and little is heard of it. 


spin TD ce 


AFTERWORD 


Others say it was absorbed into Neo-Platonism. 
Still others claim it became a secret heresy of 
Christianity. 

A thousand years later Pythagoreanism was res- 
urrected. Many of the Renaissance humanists 
came to regard Pythagoras as the father of the 
exact sciences. (No outlandish claim, this.) When 
Copernicus suggested that the earth went around 
the sun, he considered this to be a ‘Pythagorean 
idea’. Later, Galileo was frequently referred to as 
a Pythagorean — one assumes in the mathemati- 
cal sense, as his appetite for meat and beans was 
prodigious. As late as the 18th century 
Pythagoras was admired by Leibnitz, a figure 
almost as intellectually prolific and eccentric as 
himself. The great German polymath and ordi- 
nary math (cum undiplomatic diplomat, inept 
_ plagiarist, failed businessman etc) regarded him- 
self'as part of ‘the Pythagorean tradition’. As well 
he might. And according to a modern commen- 
tator, Pythagoras’ influence continues, with him 
being ‘alternately conceived as a Dorian nation- 
alist, a sportsman, an educator of the people and 
a great magician’. Despite such accolades, 


Pythagoras is best known today as the shibboleth 
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of elementary mathematics. Those who fail to see 
the beauty of his theorem will never make it as 


mathematicians. 
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SOME PYTHAGOREAN 
POINTS 


any Pythagorean speculations about 
number mingled mysticism with 
mathematics. Pythagoras posited two 
different kinds of ‘perfect’ number. The first had 
only one example — 10. This was perfect because 
it was fundamental to the decimal system. (This 
argument is of course tautologous. If we based 
our numerical system on 60, like the early 
Babylonians, or 5 like the Romans and the 
Arawak Indians of South America, such numbers 
too would be perfect.) But for Pythagoras 10 was 
also perfect because it was the sum of the first 4 
numbers: 
12 tS 4 10 
For this reason it was known as the tetractys. It 


could also be represented by the pyramid: 
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The tetractys and its pyramidal representation 
were considered holy by the Pythagoreans, who 
even swore by the number 10. (This pyramid 
also contained all the numbers which made up 
the fundamental musical harmonies: 2:1, 3:2, 4:3, 
and was thus connected with the harmony of the 
spheres.) 

The second type of ‘perfect’ number was much 
more interesting (and mathematically fruitful). 
This consists of numbers which are equal to the 
sum of their factors (including 1, but excluding 
itself). For example: 

6 1b4+2:453 

28 = 212 ei eh ea 

The next two perfect numbers are 496 and 
8128. These were certainly known to the Py- 
thagoreans. Euclid’s Elements ([X, 36) contains a 
formula for discovering ‘perfect? numbers, which 
may have been discovered by the Pythagoreans: 


When 2” - 1 is a prime number 
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then (2" - 1) 2"-' is a perfect one 


Perfect numbers led Pythagoras to the discovery 
of ‘amicable’ numbers. These are pairs of num- 
bers where each is equal to the sum of the factors 
of the other. The lowest amicable numbers are 
220 and 284: 
22) can-be divided by 1, 2,'4,5, 10, 11,20, 22, 
44,55 and 110. These divisors add up to 284. 
284 can be divided by 1, 2, 4, 71 and 142. 
These add up to 220. 
(Some claim there is earlier evidence for knowl- 
edge of amicable numbers in the Bible, where 
Jacob gives a symbolic 220 groats to Esau when 


they are reunited.) 


The Pythagoreans also knew of the number 


triangle: 
1 =1° 
14+2+1 — 92 
14#2+3+4+2+1 = 3° 
142434+4+3+2+1 aL 
1424344454443 +24 1 = 5? 
and so forth 
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Pythagoras himself is credited with the formula 
for discovering triads of Pythagorean numbers, 
ie, those that satisfy the formula: 

a2 + b* = C7 

The formula for discovering Pythagorean 


triads is: 


2 2 
rere.) . rey a4 
2 2 


where n is an odd number. This process was 
known to the Babylonians, and Pythagoras may 
well have first come across it in Babylonia. Not 


until the Greek era was it formulated. 


Euclid in Book VI, proposition 31, gives a 
general proof for Pythagoras’ Theorem, which 


was known to the Pythagoreans: 
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In the right-angled triangles the figure on the side 
subtending the right angle is equal to the similar and 
similarly described figures on the sides containing the 
right angle. 

Let ABC be a night-angled triangle having the 
angle BAC right; 

I say that the figure on BC 1s equal to the similar 
and similarly described figures on BA and AC. 

Let AD be drawn perpendicular. 

Then since, in the right-angled triangle ABC, 
AD has been drawn from the nght angle at A 
perpendicular to the base BC, 
the triangles ABD, ADC adjoining the perpen- 


dicular are similar to the whole ABC and to one 
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another. (See Book VI proposition 8.) 

And, since ABC is similar to ABD, 
therefore, as CB is to BA, so is AB to BD. (See 
Book VI definition 1.) 

And, since three straight lines are proportional, 
as the first is to the third, so is the figure on the 
first to the similar and similarly described figure 
on the second. (See Book VI, proposition 19, 
porism.) 

Therefore, as CB is to BD, so is the figure on 
CB to the similar and similarly described figure 
on BA. 

For the same reason also, 
as BC to CD, so is the figure on BC to that on 
CA; so that, in addition, 
as BC 1s to BD, DC, so is the figure on BC to the 
similar and similarly described figures on BA, 
ALS. 

But BC is equal to BD, DC: 
therefore the figure on BC is also equal to the 
similar and similarly described figures on BA, 
AC 

Therefore etc. 

COED. 
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Quoted below is the simplified proof: 


In the figure below ABX + ACX = ABC, these 
three triangles being similar, and constructed 
respectively on AB, AC and BC as bases. But the 
areas of these triangles are in constant proportion 
to the areas of the squares on the same bases, so 


the theorem follows. 


A 


B X C 


There is a Chinese proof in Chou pei suan ching, 
which dates from between 500Bc and the birth 
of Christ. This means that the Chinese almost 
certainly arrived at this proof independently. 

A simplified version of the Chinese proof is the 
most beautiful of all: 
A square with sides a + b has a square with sides 


c inscribed inside it. 
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a b 


b a 


Put simply, this proof involves equating the 
total area with the areas of the contained square 
and four triangles. This gives the equation: 

(a+ b)*? = 4(4ab) +c? 

which simplifies down to: 

e+ bb? = er 

There are now approaching 400 known proofs 
for Pythagoras’ Theorem, more than for any 
other theorem in mathematics. These have been 
produced by people from many walks of life — 
including a Babylonian magician, a 14-year-old 
Ohio student of average ability, and the 21-year- 
old mathematical genius, Galois, who was shot in 
a duel. A similar fate was suffered by another dis- 


tinguished author of a proof of Pythagoras’ 
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Theorem — James A. Garfield, who became pres- 
ident of the United States in 1881, but was shot 


three months after being sworn in. 


A last word: The ancient commentator Aulus 
Gellius offered an ingenious explanation of 
Pythagoras’ ban on eating beans. According to 
him, what Pythagoras had actually said was: 
“‘Wretches, utter wretches, keep your hands from 
beans!’ — which didn’t mean quite what it 
seemed. In earlier times, beans had been a 
euphemism for testicles, and thus Pythagoras’ ban 
in fact related to sexual activity. 


So either way, this would seem to be balls. 
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Chronology of Pythagoras and 

Pythagoreans 

c565BC Birth of Pythagoras. 

545BC Death of Pythagoras’ tutor, the 
philosopher Anaximander. 

c545—35Bc_ Travels in Egypt and Babylonia 
(and possibly beyond, to Persia and 
India). 

c530BC Exiled from Samos by the tyrant 
Polycrates. 

529BC Settled at Croton in Magna Graecia 
(now Crotone in southern Italy). 

c500BC Pythagoras and his disciples forced 
to flee Croton. 

c490BC Death of Pythagoras at 
Metapontum. 

flc450Bc Hippasus the Pythagorean. 


450BC Wave of revolutions sweeps Magna 
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c420BC 


fl c400BC 


fl c25Bc 


Graecia, resulting in dispersal of 
Pythagoreans. 

Philolaus the Pythagorean resident 
in Thebes on Greek mainland: 
source of much Pythagorean 
theory. 

Archytas of Tarentum, the 
Pythagorean philosopher and 
mathematician, who was a friend 
of Plato. 

Vitruvius Pollio, Roman architect: 
earliest extant source crediting 
Pythagoras’ Theorem to Pythagoras 
himself. 


Chronology of Era 


1184BC 
776BC 
c700BC 
585BC 


545BC 


533BC 


Siege of Troy. 
First Olympic Games. 
Age of Homer. 


_ Eclipse predicted by Thales of 


Miletus, the first philosopher. 
Persian Empire occupies Ionia 
(now Aegean coast of Turkish 
mainland). 


First competition for Greek 
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522BC 


490BC 
490BC 


462BC 


460BC 


447BC 
429BC 


427BC 
404BC 


399BC 


356BC 
| 300BC 


CHRONOLOGY 


Tragedy won by Thespis at 
Dionysia. 

Death of Polycrates, tyrant of 
Samos. 

Persians defeated at Marathon. 
Birth of Herodotus ‘the father of 
history’. 

Anaxagoras becomes first 
philosopher to live in Athens. 
Start of First Peloponnesian War 
between Sparta and Athens. 
Birth of Hippocrates, leading 
Greek physician, responsible for 
the Hippocratic Oath. 

Work starts on the Parthenon in 
Athens. 

Death of Pericles marks end of 
Athens’ golden era. 

Birth of Plato. 

Defeat of Athens by Sparta marks 
end of Peloponnesian Wars. 
Socrates sentenced to death in 
Athens. 

Birth of Alexander the Great. 


Euclid writing in Alexandria. 
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Major Dates in the History of Science 

pre 500Bc_ Pythagoras discovers his theorem. 

322BC Death of Aristotle. 

212BC Archimedes slain at Syracuse. 

47BC Burning of Library at Alexandria 
results in vast loss of classical 
knowledge. 

199AD Death of Galen, founder of 
experimental physiology. 

529AD Closing down of Plato’s Academy 
marks start of Dark Ages. 


1492 Columbus discovers America. 

1540 Copernicus publishes The 
Revolution of the Celestial Spheres. 

1628 Harvey discovers circulation of the 
blood. 

1633 Galileo forced by Church to recant 
heliocentric theory of solar system. 

1687 Newton proposes law of 
gravitation. 

1821 Faraday discovers principle of the 
electric motor. 

1855 Death of Gauss “prince of 

~ mathematicians’. 
1859 Darwin publishes Origin of Species. 
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1871 


18384 


1899 


1901 


1903 


1905 


1922 


1927 


1951 


a7 


1945 


1933 


1969 
1971 


Mendeleyev publishes Periodic 
Table. ! 
International agreement establishes 
Greenwich meridian. 

Freud publishes Interpretation of 
Dreams. 

Marconi receives first radio 
transmission across Atlantic. 
Curies awarded Nobel Prize for 
discovery of radioactivity. 
Einstein publishes Special Theory 
of Relativity. 

Bohr awarded Nobel Prize for 
Quantum Theory. 

Heisenberg publishes Uncertainty 
Principle. 

Godel destroys mathematics. 
Turing outlines limits of computer. 
Atomic bomb dropped on 
Hiroshima. 

Crick and Watson discover 
structure of DNA. 

Apollo 11 lands on the Moon. 
Hawking proposes hypothesis of 


mini black holes. 
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1996 Evidence of life on Mars? 


1997 First cloned mammal. 
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SUGGESTIONS FOR 
FURTHER READING 


Jonathan Barnes (editor): Early Greek 
Philosophy (Penguin Classics, 1996) — contains 
some interesting quotes from contemporary 
sources. 

E T Bell: Men of Mathematics (Various, 1996) — 
mathematics contains more than its fair share 
of eccentrics. Mind-boggling ideas and mind- 
boggling lives presented in readable form. 
Diogenes Laertius: Lives of the Philosophers — a 
fascinating but unreliable early account of 
Pythagoras’ life. The classic source, but not 
widely available. 

Bertrand Russell: History of Western Philosophy 
(Unwin, 1996) — contains a good irreverent 
chapter on Pythagoras. 

David Wells, Penguin Dictionary of Curious and 
Interesting Numbers (Penguin, 1996) — a must 


for all those interested in mathematical lore. 


PYTHAGORAS & HIS THEOREM 
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At a moment of great discovery, 
one Big Idea can change the world... 


Pythagoras was arguably the first ‘genius’ of Western culture, 
“establishing a blend of high intellect and high lunacy, both of 
which have become recurrent features of this scholarly heritage.. 
Most memorably, he created the Pythagorean Theorem 
and established the concept of proofs in mathematics. Less well 
known was the religion he founded which forbade his 
disciples from eating beans or stepping over fallen poles! 


Pythagoras & His Theorem tells the remarkable story of the 
life of this poorly understood genius and the transformation his 
work brought about in mathematics, Pythagoras Big /dea \s 
presented in an accessible and enthralling way, providing an 
~explanation of the meaning of his.work, its historical and 
scientific context, and significance for the world in which we live, 


The Big Idea series is a fascinating look at 
the greatest advances in our scientific history, 


and at the men and women who made these 
fundamental breakthroughs. 
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